Stochastic processes on manifolds over non-Archimedean fields and with transition measures having values in the field C of complex numbers are studied. Stochastic antiderivational equations (with the non-Archimedean time parameter) on manifolds are investigated.
Introduction. Stochastic processes and stochastic differential equations on real
Banach spaces and manifolds on them were intensively studied (see, e.g., [2, 4, 5, 12, 13, 14, 34, 35, 36, 39] and the references therein). The stochastic processes considered there were with values in either real Banach spaces or manifolds on them. The results of these investigations were used in many mathematical and theoretical physical problems. In particular, stochastic processes on some Lie groups were studied. On the other hand, the development of non-Archimedean functional analysis, non-Archimedean quantum physical theories and quantum mechanics poses problems of developing measure theory, and stochastic processes on non-Archimedean Banach spaces and manifolds on them [15, 16, 17, 37, 38, 40] . Some steps in this direction were made in [1, 3, 7, 8, 9, 10, 19, 41] . In those articles, real-valued and complex-valued stochastic processes were considered, also stochastic processes with values in nonArchimedean fields and linear spaces over them, but with compact or locally compact supports of transition measures, were considered. There, pseudodifferential stochastic equations based on pseudodifferential operators in the sense of Vladimirov [40] were also considered. These pseudodifferential operators are quite different from antiderivational operators of Schikhof [37] . The latter serve as the non-Archimedean analog of the indefinite integration, while the former serve as non-Archimedean analogs of the classical pseudodifferential operators. There can be different variants of nonArchimedean stochastic processes, depending on whether the time parameter is either non-Archimedean or real, a space is of functions either complex-valued or with values in a non-Archimedean field. Then transition measures may be either complex-valued or with values in a non-Archimedean field. It totally gives eight variants. The case of the non-Archimedean time and a space of functions with values in a non-Archimedean space was not practically considered in [1, 3, 7, 8, 9, 10, 19, 41] . The present paper is devoted to the latter variant and its meaning is primarily in its applicability for investigations of unitary representations of totally disconnected nonlocally compact groups. It also permits the construction of volume elements associated with transition measures on an infinite-dimensional over non-Archimedean field manifolds, quasi-invariant relative to the corresponding diffeomorphism group. Then such stochastic processes on manifolds can be applied in the non-Archimedean quantum field theory and gauge theory. The above-cited papers do not permit considering the quasi-invariant transition measures of stochastic processes and then such measures on nonlocally compact spaces or groups.
In preceding works of the author, measures and stochastic processes on nonArchimedean Banach spaces and totally disconnected topological groups with values in non-Archimedean spaces were investigated [25, 26, 29, 30, 31, 32, 22, 23, 27] . Quasiinvariant measures on groups and manifolds were used for investigations of their representations [21, 24, 28] .
In this paper, non-Archimedean stochastic processes and stochastic antiderivational equations (with the non-Archimedean time parameter) on manifolds on Banach spaces over non-Archimedean fields are investigated. Moreover, wider classes of stochastic processes are considered in this work than in preceding works of the author [30, 31, 32, 33] . Analogs of Lèvy processes were studied in [1, 8, 9, 19, 20, 41] . In [20] , specific classes of non-Archimedean Gaussian-type measures and Wiener-type processes were defined and investigated, having more properties analogous to the classical case than in preceding works. In this paper, Itô bundles on non-Archimedean Banach manifolds are defined and investigated. For this specific transformation, formulas of stochastic processes, which were not studied by other authors, are proved.
It is necessary to note that in this paper not only manifolds treated by the rigid geometry are considered, but also much wider classes. For them, the existence of an exponential mapping is proved. A rigid non-Archimedean geometry serves mainly for needs of the cohomology theory on such manifolds, but it is too restrictive and operates with narrow classes of analytic functions [11] . It was introduced at the beginning of the sixties of the 20th century. Few years later, wider classes of functions were investigated by Schikhof [37] . In this paper, classes of functions and antiderivation operators by Schikhof, and their generalizations from the works [25, 26, 23] , are used. The contents of this paper do not intersect with the previous works cited above.
The results of this paper permit the consideration of stochastic processes on nonArchimedean manifolds as well as more general classes of stochastic processes on non-Archimedean Banach spaces and totally disconnected topological groups. Some other principal differences of the classical and non-Archimedean stochastic analyses are discussed in [30, 31, 32, 33] . All results of this paper are obtained for the first time.
U ⊂ X into a Banach space Y over K is defined in terms of difference quotients (see [25, 26, 37] 
, where GL(X) is the group of invertible K-linear bounded operators of X onto X. Therefore, for each n ≥ 1, there exists a functor T such that
T x φ j is a bounded continuous operator on X by the second argument for each x ∈ U j .
2.1.1.
If M and N are two C l -manifolds on Banach spaces X and S over K with l ≥ n,
2.1.2.
Let H and X be two Banach spaces over a non-Archimedean field K. Let M be a C l -manifold on X and let P be a manifold with a mapping π : P → M such that π is surjective and π −1 (x) =: P x =: H x is a Banach space over K isomorphic to H for
is called a fibre of π over x. Suppose that P is supplied with an atlas At( and P F : 
is the Banach space of all continuous mappings f : 
2.1.4.
Let M be a C n -manifold on a Banach space X over a spherically complete nonArchimedean field K and let Ꮾ n M denote the set of all C n -vector fields on M, where
for each two charts with U j ∩U l = ∅. This { j Γ } is called the family of Christoffel symbols
where Ψ (y j ) and Φ(y j ) are principal parts of Ψ and Φ on (U j ,φ j ). If M with At(M) is supplied with Γ , then M possesses a covariant derivation.
For a
For it, the horizontal space T Ψ h is defined as the kernel of K| T Ψ P :
(2.5)
2.2.
Let X be either finite-dimensional over a local field K space or of countable type such that a sequence of subspaces S n is given by S n ⊂ S n+1 and S n = S n+1 for each n ∈ N, cl( n S n ) = X, and a dimension dim K S n =: m(n) of S n over K is finite. Let U be a clopen bounded subset in S n . Consider an antiderivation operator P (l,s) on the Banach space C((t, s − 1), U → K) of functions f : U → K with definite partial difference quotients having continuous extensions (see [25, 26 , Section I.2]), and denote P (l,s)
Definition and note. Now let U be a clopen bounded subset in X with
, where Y is a Banach space over K, is defined as well as [25, 26, 
Lemma 2.1. An image P U (t, s)(C((t, s − 1), U → Y )) denoted by P,0 C((t, s), U → Y ) is contained in C((t, s), U → Y ) and does not coincide with the latter space. The space

P,0 C((t, s), U → Y ) can be supplied with a norm denoted by * U ,(t,s),P , relative to which it is complete, and
P U (l, s) : (C((t, s − 1), U → Y ), * C((t,s−1),U →Y ) ) → ( P,0 C((t, s), U → Y ), * U ,(t,s),P ) is continuous. Proof. First, consider dim K X < ∞. If f ∈ P,0 C((t, s), U → Y ), then ∂ū(P (t, s)f )(x) = f (x) for each x ∈ U (see. Let f ∈ P C((t, s), U → Y ), then there exists g ∈ C((t, s − 1), U → Y ), such that P U (l, s)g = f . On the other hand, g C((t,s−1),U →Y ) < ∞ and there exists a constant 0 = c ∈ K, such that cg ∈ B(C((t, s − 1), U → Y ),0, 1). Therefore, cf ∈ V , since P U (l, s) is the K-linear operator, that is, V is the absorbing subset. Since the ball B(C((t, s − 1), U → Y ),0, 1) is K-convex, then V is K-convex. Evidently, 0 ∈ V .
Consider a weak topology on C((t, s), U → Y ), then it induces a weak topology on its K-linear subspace P C((t, s), U → Y ).
In particular, each evaluation functional h x (f ) := f (x) is K-linear and continuous on the latter space, where x ∈ U. In view of [25, 26, 
Therefore, V is bounded-relative to the weak topology, since U is compact and V is bounded-relative to a weaker topology generated by evaluation functionals. Let η be a Minkowski functional on P,0 C((t, s), U → Y ) generated by V . It generates a norm in
, relative to which it is complete. Since V is the unit ball relative to this norm and P U (l, s) , s) , W l,j → X), respectively, for each charts U l and U j with U l ∩ U j = ∅, where φ j (U j ) are bounded clopen subsets in X of sufficiently small diameter, as in Section 2.3, if X is infinite-dimensional over K. s) )-vector fields on M. Considering the foliation of M and taking the limit, we get for a given chart (U j ,φ j ), 6) where (φ j ,e i ) are basic vector fields on
there exist a torsion tensor T (S,V ) = ∇ S V −∇ V S −[S, V ] and a curvature tensor R(S, V )W
= ∇ S ∇ V W − ∇ V ∇ S W −∇ [S,V ] W for
each S, V and W ∈ Ꮾ (t,s) M, such that T (S,V ) = −T (V ,S), R(S, V )W = −R(V , S)W and T (φ j )(S, V )
Proof. Let M be embedded into T M as the zero-section of the bundle τ M . Consider the non-Archimedean geodesic equation ∇ċċ = 0 with initial conditions c(0 
where f m is a sequence of functions.
(2.10)
In view of the ultrametric inequality, bilinearity of Γ (x)(a, b) by a, b, continuity by x, and continuity of P 1 and P 2 for each x 0 ∈ M and each t 0 ∈ B(K, 0, 1), there exist r > 0
and > 0 such that
where C > 0 is a constant related to P 1 and P 2 . There exists 0 < r < ∞ such that P 1 ≤ 1, P 2 ≤ 1, and where G j,k is a clopen subset in U j , Γ is a norm of Γ on G j,k ×X 2 as a bilinear operator on X for each x ∈ G j,k . In view of continuity of Γ and boundedness of φ j (U j ) for each j, it is possible to choose a locally finite covering G j,k subordinated to U j , such that Γ is finite on G j,k , k ∈ N. Therefore, choosing C 2 Γ < 1, we get a convergent sequence on
, and due to the fixed point theorem, there exists a unique solution in B(K,t 0 ,r ). In view of compactness of B(K, 0, 1), there exists a solution on it. Let f and g be two functions providing solutions ψ f = P 2 P 1 f and ψ g = P 2 P 1 g of the problem on B(K, 0, 1), then
for a finite number of points t 0 = 0, t 1 ,...,t k ∈ B(K, 0, 1), such that on each B(K,t j ,r j ), a solution is unique for a given initial condition, 0 < r j ≤ 1 for each j, and j B(K,t j ,r j ) = B(K, 0, 1). This implies that 
. From (2.7) and (2.8) , it follows that exp is of C 0 ((t, s) )-class of smoothness fromT M onto M.
Note 2.6. If M is an analytic manifold, then exp :T M → M is a locally analytic mapping. Theorem 2.4 gives an exponential manifold mapping for a wider class of manifolds than that treated by the rigid geometry. 
and formula (4.14)], dφ ξ(t, ω) = J(φ, a, E)adt + J(φ, a, E)Edw, (2.14)
where
For stochastic processes of type (i) in Theorem 3.4 [30] , it is necessary to consider the following generalization of [31, Theorem 4.7] . 
, L m (X ⊗m ; X)) (continuous and bounded on its domain) for each n, l, 0 < R 2 < ∞, and
Moreover, suppose that a function f satisfies the conditions 
• a l 1 ,n 1 ⊗···⊗a lm,nm 
Definition 2.10. Let (Π,M,π) be a bundle on a manifold M with fibres X ⊕L(H, X) for each x ∈ M and with transition functions J(φ, a, E) : (a, E) (J(φ, a, E)a, J(φ, a, E)E), where φ = φ j,l for each pair of charts (U j ,φ j ) and (U l ,φ l ) with
is given by either (2.15) or (2.22).
Definition and note. Let t ∈ T ⊂ K, where K is a local field and T is clopen in K.
Let also (U j ,φ j ) be a chart of a manifold M on a Banach space X over K, 
for each x ∈ Dom(ψ). Therefore, from ξ ∈ Dom(ψ) and Range(ψ) ⊂ Dom(φ), formula (2.23) follows. From id = I, where I is a unit operator, formula (2.24) follows.
Remark and definition.
Apart from the classical case, here the bundle associated with the operator J(φ, a, E) in general is not quadratic. It may be polynomial only in a particular case given by [31, Theorem 4.5] .
Let f = exp, where exp := exp M is the exponential mapping for M. Consider Ᏻ (x,0) (a, E) a stochastic processes germ at a point y = 0 in the tangent space Definition 2.14. Let ᐁ be a section of the bundle (Π,M,π) . Consider the differential (2.31) and the corresponding antiderivational equation
(2.32)
Suppose that there exist a neighborhood V x x and a stochastic process belonging to the germ exp 
Proposition 2.17. Let ξ be a stochastic process given by (2.16) and let also max( a(t, ω, x) − a(v, ω, x) , E(t, ω, x)
where b, C 1 , and C 2 are nonnegative constants. Then ξ with probability 1 has a C 0 -modification and
Proof. In view of Theorem 2.8 applied to f (t,x) = x s , we have
From the conditions of Note 2.7, and in particular (2.17), it follows that Proof. Consider a solution of the non-Archimedean stochastic equation 
In view of Proposition 2.17, there exists δ > 0 such that P {ω : 
From the existence of a local solution, it follows that and Λ 2 in Υ , there exists a linearly ordered subset Λ in Υ such that Λ ⊃ Λ 1 ∪ Λ 2 , hence this limit does not depend on the choice of Υ 0 . Events Ω k,l and Ω k,j are independent in total for each l = j: η(t, ω) = f (t, ξ(t, ω) ) is given by the equation
• a l 1 ,n 1 ⊗···⊗a lm,nm In [29] , wide classes of nonnegative (in particular also quasi-invariant) measures ν on non-Archimedean Banach spaces Y were considered, as well as having abundant families of compact subsets of positive measure. Then ν induces a (quasi-invariant) measure µ on a manifold M modelled on Y (see [21, Theorem 3.2] , which can be generalized to the class of manifolds considered here).
is a measure on M. In particular, f , and hence λ with a compact support, can be considered, but with losing its quasi-invariance property. Therefore, stochastic processes having transition measures of compact supports are particular cases of those considered herein.
